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Boundary conditions of a string.
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Support conditions of the string

Boundary conditions
to be satisfied

|. Both ends fixed
wix, [

2. Both ends free
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3. Both ends attached with masses
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String vibration problem with one end constrained by a spring: A string vibration problem is shown in
Figure 1. One end (boundary) of the string is fixed and the other end (boundary) is connected to a spring

constrained to move vertically.

Assume that the string has uniform mass density, p(X) = p, and constant tension, T (X) = T .

o)

(a) Formulate the eigenvalue problem for the vibration analysis of this string system with proper
boundary conditions.

(b) Solve the eigenvalue problem. Assume that % =8 x 1073,
(c) Find the first three natural frequencies and normalized modes of vibration, if % =18 %3975,

(d) When the spring becomes stiffer, show that the natural frequencies will approach those of the
string with both ends fixed.

(e) Will the natural frequencies increase or decrease with a more compliant spring, say 100 more
compliant to render % = 0.8. Does the results make sense? Why?

(f) What will happen when the spring disappear (k — 0)?

Since T (x) = T = const and p(X) = p = const, we can write the equation of motion in equation as:

ow ow

ox? —r ot?

The boundary conditions are
z=0: Wi(0)=0

dW (z)
dr

r=L: T(z) +EW(z)=0

where 3% = w"zﬁl. The general solution for W(z) is

W(z) = C cos Bz 4 Cysin Bz

From the first boundary condition, Ci = 0. Thus, W (x) = C;sin fx. The second boundary

condition at x =L renders the following frequency equation:

x=0 =>X=0 =A4=0 = X(x)=BsinZx)
C

x=L =STX'(L)F(t)=-kX (L)F(t)
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TB 2cos(QL)+kB sin(QL) :>tan(ﬂL)+LﬂL =0, ﬂ=2
c c c k? c

tan(SL)+0.008 8L =0
when % =8 x 1073,

This Equation can be solved numerically to find

(BL)r = 3.1336,6.2752,9.4168, - - -

where r = 1,2,3,---. The eigenfunctions are

W (z) = Casin B,z

(¢) From Equation (7), we find the first three natural frequencies

i i T
wp = 3.13364/ —5, w9 =6.2752 ; = 9.4168
1 o2’ 2 2 oL2 e L2

By normalizing the eigenfunctions so that fOL p(Cysin B3,.2)?dx = 1, we can find the coefficient

2
Cy= =
p

W(z) =, ,fpiLsin(BrL . %)

Summarizing the results, we have the first three natural frequencies and their corresponding

normalized modes for the system:

I /1 -
— Vilx) = 2 — 8] 3. ==
wi; = 3.1336 o2 Wi(z) =1.4124 oL sin(3 1336L)

1 x
— £ 7 i £ — g 4 ,.r‘ ==
wr = 6.2752, | Wa(z) 1.41331/pL sin(6.2752)

T 7 - 1 £ AL z
w3 = 9.4168, /m Ws(a) = 1.4136, fp—Lsm(QAIGBE)

The natural frequencies are very close to those of the strings with both ends fixed.

Hence, the normalized modes are

£~

I

2 1
0-9 0.5 0. 5/
0.6 .
0.4 0.20.49.60.8 .40.60.8 1
0.2 -0.5 1048
; = =i

0.20.40.60.8 1
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(d) When the spring is stiffer, the term % becomes smaller and renders natural frequencies that
approach the natural frequencies of strings with both ends fixed.

String in this problem (fj: = 0.008) | String with both ends fired
s . T T
w1 3.1336,/ o1 ™/ otz
: E i £
wy 6.2752, /-1 2my/ v
y g [ T T
Wwa 9.4168 ,O?- 3T p—Lg'

(e) When the spring is made 100 times more compliant, i.e., % = 0.8, the natural frequencies

become smaller. This is because the constraint at the right end becomes less than rigid.

String in this problem l/kj_L = 0.8) | String with both ends fired
w1 2.4669.\/% W\/p_gg
W 5.6084, /-1 QT;\/p—T
w3 8.7500,/ == 3my /1=

f) When the spring is made very compliant, i.e., L., ~, the natural frequencies will approach
kL

the case when one end is free. The following table is a comparison between the case of
% = 9 and that

String in this problem (& =19) | String with one end move freely in vertical
w1 1 6815\/ x z \/p_;g
wa 4.8231, /-1 = [T
w3 7.9646,/ 7 oot
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